In a passively mode-locked fiber ring laser, we report the experimental observation of relative phase locking of pulses in a wide variety of cases. Relative phase locking is observed in bunches of N pulses separated by more than 20 pulse widths as well as in close pulse pairs. In the latter case, the phase relationship between the two pulses is measured to be Ϯ/2, which is related to theoretical predictions formerly obtained from a GinzburgLandau distributed model. We have developed a simplified numerical model adapted to our laser, which keeps its essential features while significantly reducing the number of free parameters. The agreement with the experiment is excellent.
INTRODUCTION
Multiple pulsing has been observed in different kinds of passively mode-locked laser configuration. In fiber lasers, this behavior was reported in the early experiments and was related to solitonic pulse shaping in the anomalous dispersion regime, which tends to quantize the pulse energy. [1] [2] [3] [4] It was then noted that, depending on the mode-locking conditions, the pulses could either space themselves equally along the cavity, group into a tight bunch, or be more or less randomly distributed. 1 Multiple pulsing was also reported within the context of ultrashort pulse generation with Ti:sapphire or Cr:forsterite lasers. [5] [6] [7] [8] To understand multipulse operation with passive mode locking, two phenomena have to be addressed: pulse splitting, which is the way additional pulses can appear in the cavity, and pulse-to-pulse interaction, which could eventually lead to the stabilization of pulse spacing. Pulse splitting arises naturally with an increase of the pulse energy within the framework of higher-order soliton formation. However, the temporal profile of a high-order soliton is not stationary and undergoes periodic evolution along the space coordinate. In addition, pulse splitting can be favored when the pulse travels through separate sections having different properties during its round trip in the cavity. 6 This is the case for Ti:sapphire lasers for which anomalous dispersion and self-phase modulation arise separately, or for fiber lasers that comprise separate regions of high gain and losses. The periodic perturbations scatter the main pulse energy into dispersive waves. 9 For some spectral components, resonant scattering occurs, which is responsible for large radiative losses. 10 Turning a single-pulse operation into a multipulse operation while keeping approximately the same amount of total intracavity energy induces lower radiative losses and stabilizes the mode-locking operation. 11, 12 However, to lead to a stabilization of multiple pulsing, higher-order effects, 13 such as gain saturation or third-and fourth-order dispersion, are to be considered in most cases. In a linear resonator cavity, the nonlinear interaction of colliding pulses in a Kerr medium was shown to be responsible for a stable two-pulse operation with a continuously tunable separation. 7 However, in the following we restrict ourselves to the study of unidirectional ring cavities. Dealing with sub-100 fs pulses, third-and fourth-order dispersion terms can play a key role in the stabilization of multiple pulsing. 8, 11 For longer pulse durations, other nonlinearities could prove to have a major influence on multiple pulsing. On the theoretical side, optical systems such as fiber lasers and optical transmission lines, modeled with the complex nonlinear Ginzburg-Landau equation, which features nonlinear saturating gain and spectral filtering, were shown to support stable multisoliton solutions. 14, 15 Recently we experimentally obtained two-pulse operations of a fiber ring laser, which are consistent with these theoretical predictions. 16 With fiber lasers, harmonic mode locking, which means the equal spacing of pulses all along the cavity, attracts most of the attention in view of the development of highrepetition-rate sources for telecom applications. 17, 18 However, a large timing jitter between pulses was observed, and it was thought that ultrashort pulses being separated by more than ten pulse widths would always suffer such position instability. Consequently, highrepetition-rate sources have been developed mainly within the framework of active mode locking, [19] [20] [21] although interesting alternatives have been demonstrated. 22, 23 Still, in passively mode-locked fiber lasers, recent observations of bunches that consist of several pulses separated by tens of pulse widths have stressed the high stability of the bunch structure. Rearrangement dynamics has been reported 24 as well as regular bunching with very low timing jitter. 12 A remarkable feature, which seems restricted to the field of fiber lasers, is the ability of pulses to bunch with a large range of possible separations, from a few to several hundred pulse widths. When pulses are largely separated in a bunch, electrostrictive effects that are peculiar to the optical fiber medium could play a key role to maintain the bunch structure. 18, 25 A different mechanism that could have an effect on multiple pulsing is gain depletion and recovery, 26 which applies to fiber lasers and bulk lasers as well and provides a repulsive force between pulses that tends to favor harmonic mode locking. However this weak force cannot suppress pulse-to-pulse timing jitter.
In the research reported here, we show that pulses that bunch in our passively mode-locked fiber laser maintain a fixed phase relationship in a wide variety of cases. In Section 2 we describe the observation of phase-locked bunches of pulses separated from typically 20 to 50 pulse widths. The electrostrictive effect, which is not sensitive to the phase of the optical field, could not be solely responsible for such pulse locking. A coherent effect, such as a soliton-soliton type interaction, must be sought. When shorter pulse separations are obtained, soliton-soliton interactions dominate. 27 By changing the mode-locking conditions of our fiber laser, we could also maintain two interacting pulses within 4-10 pulse widths and measure their phase difference precisely, showing evidence of soliton-soliton interaction. 16 In Section 3 we detail these experimental results. Section 4 is devoted to the description of a new propagation model that was adapted to the case of fiber ring laser cavities in which passive mode locking relies on nonlinear polarization evolution. The numerical results that we have obtained show similar formation of phase-locked pulse pairs.
PHASE-LOCKED BUNCHES OF PULSES
The following experimental results were obtained with a stretched-pulse fiber ring laser that operates near 1530 nm. 28, 29 This ring configuration, as shown in Fig. 1(a) , features dispersion management and passive modelocking through nonlinear polarization evolution. 30 It comprises in series a 1400-parts-in-10 6 erbium-doped fiber (EDF) (Er741ϩ from Highwave Optical Technologies, Lannion, France) and provides gain in the normal dispersion regime ͓D ϭ Ϫ40 (ps/nm)/km͔, a 980/1550-nm coupler-isolator combination, and an anomalous section of standard telecom SMF-28 fiber ͓D ϭ ϩ17 (ps/nm)/km͔. The coupler-isolator combination ensures unidirectional lasing, is polarization insensitive, and also couples pump light into an EDF from a module of wavelength-multiplexed laser diodes that emit around 980 nm (SDL, Incorporated). For the precision of modelocking adjustments, wave plates and polarizers are kept in an open-air section. 29 Nonlinear polarization evolution that takes place along the propagation in the fibers makes transmission through polarizer P1 intensity dependent, which allows for passive mode locking to be triggered by an appropriate adjustment of the preceding wave plates. This is followed by a variable-output coupler formed by a half-wave plate and a second polarizing cube (P2). Temporal characterization of the output intensity is performed by use of a laboratory-made optical autocorrelator that uses a 1-mm-thick ␤-barium borate crystal in type I second-harmonic generation (SHG) and can be set in an interferometric or a noninterferometric mode.
In the main series of experiments, the path-averaged dispersion was kept to a slightly anomalous value near ϩ3 (ps/nm)/km. We used a 1.6-m length of EDF and a 4.8-m length of SMF-28. The laser self-mode locks for a pump power of more than 35 mW. In the anomalous path-averaged dispersion regime, low-pedestal sechprofiled pulses are observed with FWHM durations from 350 to 650 fs. Figure 2 shows typical spectrum and autocorrelation functions of such working points. We note that, in the presence of dispersion management, resonant spectral sidebands are reduced. 29 When the pump power is increased to greater than 80 mW, stable bunches of identical pulses can easily be obtained. While reporting the observation of equally spaced bunches of pulses separated from 20 ps, 12 we could infer from the autocorrelation traces the very low level of timing jitter, which was remarkable for pulses separated from more than 40 pulse widths. In fact, the pulses appear to be locked in time precisely, and recording the output spectrum with a highresolution monochromator (Jobin-Yvon HR 640) reveals a channeled-spectrum structure. Figure 3 (a) presents such a typical spectrum of a pair of pulses separated from 20.8 ps, which takes a few minutes to be recorded. So, the two pulses have to be phase-locked precisely to maintain such a good contrast of the interference pattern, since any timing jitter at the femtosecond scale would reduce the fringe contrast. Another proof of the phase lock- ing is given by the recording of the interferometric autocorrelation, as shown in Fig. 3(b) . The autocorrelation traces have been normalized so that the average SHG intensity is unity where the pulses do not overlap. The side peaks correspond to the interferometric cross correlation of the two pulses. As shown in the insets, the side peaks present fringes that extend from 0.5 to 4.5, whereas for the central peak they extend from 0 to 8. To be precise, these are the expected contrasts when two pulses of the same amplitude have a fixed phase relationship. Dealing with a higher number of pulses, Gutty et al. 12 showed that these pulses tend to bunch with regular spacing. High-resolution spectra then have the same envelope and the same interfringe value as in Fig. 3(a) , showing that all the pulses phase lock to each other. However, equal spacing does not always happen. Bunch patterns are also dependent on the history of their formation and have strong hysteresis characteristics. In Fig. 4(a) we show the spectrum of a four-pulse bunch that presents beats that reveal unequally spaced pulses, as displayed in Fig. 4(b) , that is, the Fourier transform of this spectrum. The peaks in Fig. 4(b) exactly coincide with the peaks of the interferometric autocorrelation shown in Fig. 4(c) . Moreover, all the peaks in Fig. 4(c) have an interference pattern structure. In our laser setup, the time separation is thus not fixed a priori by a linear mechanism such as intracavity birefringence. To gain more insight, we placed a 10/90-output coupler in another part of the cav- ity, between the optical isolator and the anomalous fiber. Although the overall shape of the spectra is slightly modified, the interfringe keeps the same value, with a measurement accuracy of 10 Ϫ3 . This fact indicates that, although pulses are individually modified along their propagation in the cavity because of dispersion management, gain, losses, and nonlinearity, the bunch pattern is kept the same all along the cavity. We also changed the cavity average dispersion by reducing the length of the anomalous fiber. Reaching the normal regime with an average dispersion of Ϫ5 (ps/nm)/km, we still observed the formation of phase-locked pulses with a separation of Ϸ20 ps. However in this regime that favors higherenergy and shorter single pulses, 28 multiple pulsing was more difficult to obtain and required a high pump power (300 mW). In our setup, the preferred pulse-to-pulse separation range is 19-23 ps; the next choice is 10-12 ps. In these cases, the large pulse-to-pulse separation (from 20 to 50 pulse widths) does not allow the spectra analysis to yield precise measurement of the phase difference between pulses. When the bunch comprises more than two pulses, closer separation ranges are difficult to stabilize, although we also observed several close pulse pairs equally separated as in Ref. 27 .
PHASE-LOCKED PULSE PAIRS
In the anomalous average-dispersion regime, phaselocked pulse pairs are obtained at a moderate pump power that ranges, according to the mode-locking settings, from 60 to 100 mW and yields an output power that ranges from 0.5 to 2 mW. Mode-locking and pulsebunching working points present large hysteresis with respect to the pump power. In particular, the phase-locked pulse pairs are conserved when the pump power is reduced to 40 mW. If the pump power were lowered further, the pulse pair would become, unstable and then lock again at a smaller separation. The same process can be repeated two or three times. Figures 5(a) and 6(a) show such close pulse pairs with separations of 6.8 and 2.7 ps, respectively. A tiny change in one of the mode-locking wave plates is often needed to stabilize the laser with a smaller separation. The jump behavior of the pulse separation seems related to the high degree of stability of the phase-locked pulse pairs. In particular, phase-locked states are immune to small alterations in pump power and wave plate settings. However, smaller separations, which are inherent in smaller intracavity powers, are less immune to perturbations than larger separations.
With a pair separation of less than 15 pulse widths, the phase relationship between the two phase-locked pulses can be inferred with good precision from the position of fringes in the pair spectrum. Figures 5(b) and 6(b) show strongly asymmetric spectra indicating that the phase relation between pulses is neither 0 nor . The fitting procedure is as follows: from the autocorrelation trace, pulse width and separation are measured, then the only free parameter to fit the corresponding spectrum is the phase relationship of the pulse pair. The spectrum of Fig. 5(b) is well fitted by the spectrum that results from two 610-fs FWHM sech-profiled pulses separated by 6.8 ps and having a phase difference of Ϫ/2. Figure 5 (c) presents the mean quadratic error between the fit and the actual spectrum versus the phase whose optimum phase is Ϫ91°. The spectrum of Fig. 6(b) is fitted by the spectrum of two 540-fs sech-profiled pulses separated by 2.7 ps and having a ϩ/2 phase relationship.
It was the first time, to the best of our knowledge, that these Ϯ/2 phase relationships were experimentally reported for a bound state of pulses. 16 In the literature, however, stable Ϯ/2 phase-locked soliton pairs have been theoretically predicted within the framework of the complex Ginzburg-Landau equation. 15 Note that in passive optical fibers, in the absence of loss and gain, the interaction of two adjacent pulses does not usually lead to fixing the pulse-to-pulse separation: two solitons either attract or repel each other according to their phase relationship in such a way that no stable separation can be maintained. However, the addition of new source terms in the nonlinear Schrödinger equation (NSE) that was used to model propagation in the optical fiber could alter the latter statement. [31] [32] [33] In Refs. 32 and 33 the addition of loss, detuning, and pumping terms lead in some particular cases to the phase locking of solitons without imposing a systematic phase relationship (such as /2) between paired solitons.
To model real systems such as transmission lines and fiber lasers, additional terms such as linear and nonlinear gain, losses, and spectral filtering often need to be incorporated. The addition of these new terms could lead to the complex quintic Ginzburg-Landau equation (CQGLE). 34 The dynamics of a dissipative system described by the CQGLE is different from the dynamics of a conservative system described by the NSE. Solutions of the CQGLE result from a double balance, namely, between nonlinearity and dispersion and between gain and loss. In addition, the existence of more parameters in the CQGLE than in the NSE gives extra degrees of freedom to find stable multisoliton solutions, such as stable soliton pairs. The stability analysis of soliton pairs done in Ref. 15 showed that the phase difference between the two solitons converged to Ϯ/2 as the soliton pair stabilized. Recently, an extension of this numerical work was performed to take into account propagation in dispersionmanaged fiber links. 35 Periodic solutions with Ϯ/2 phase-locked pairs as centers of oscillation were obtained.
Nevertheless, the CQGLE is a distributed equation model that cannot strictly apply to our fiber ring laser, since the pulses undergo strong changes in one cavity round trip. We then developed a more appropriate numerical model, as described in Section 4.
NUMERICAL SIMULATION OF PHASE LOCKING
The numerical model of our fiber laser ring cavity is presented in Fig. 7 . It basically consists of four different parts that represent I, a wave-retarder plate characterized by its dephasing ⌬ and orientation 2 relative to the fast axis of the erbium fiber; II, the EDF; III, the anomalous single-mode fiber (SMF); IV, a polarizer whose axis forms a certain angle 1 with respect to the fast axis of the birefringent SMF. For the sake of simplification, the two fibers share the same principal axes. Among other possible choices, the wave plate is chosen to be a quarterwave plate, i.e., ⌬ ϭ 90°, oriented to transform the linearly polarized field after the polarizer into a circular state, namely, 1 Ϫ 2 ϭ 45°. Between the different parts, at points a, b, c, and d, lumped linear losses are assumed to represent the real cavity losses that are due to splices, power rejection, and air-to-fiber coupling, which means there are 1-dB losses at points a, b, and c, and 2-dB losses at point d. The field is monitored after point d.
The field propagation in the EDF is governed by the following equations:
where U and V are the normalized envelopes of the two polarization components of the optical field, ␥Ј is the halfdifference between the propagation constants of these two components, ␤ is the strength of the spectral filtering, which is due mainly to the optical gain-limited bandwidth (␤ Ͼ 0). The other parameters are defined as follows:
where ␤ 2 EDF and ␤ 2 SMF stand for the dispersion coefficients in the EDF and in the anomalous SMF, respectively,
where A eff SMF and A eff EDF are the effective areas of each type of fiber.
The function g͓Q U(V) ͔ represents the gain of the cavity that is due to an active medium having a recovery time much longer than the round-trip time of the cavity and therefore does not depend explicitly on time t. It can be modeled through
where E L is the saturation energy and Q U(V) is the intracavity energy on the fast (slow) principal axis given by
Here we used a model that accounts for polarizationdependent gain, an effect that could occur in high-power fiber amplifiers. 36, 37 However, we checked numerically that taking the total intracavity energy Q instead of Q U(V) , while doubling the saturation energy E L and keeping the other parameters unaffected, obtained almost the same results. The small-signal gain is g 0 (z), which could depend on z to take into account pump depletion. For a first-order approximation, one can use 
where g 0i and g 0f are the corresponding small-signal gains at both ends of the EDF of length L EDF , as indicated in Fig. 7 . The pulse is then inserted into the SMF, and its evolution is governed by the following coupled-nonlinear equations 37 :
where ␥ is the half-difference between the propagation constants of the two field components. After the polarizer, the field becomes
then passes through the wave plate, and the process repeats itself until some stationary solution is found. By taking any arbitrary input as the initial condition and by properly choosing the angle of polarizer 1 while keeping 1 Ϫ 2 ϭ 45°and fixing the rest of the cavity parameters, after many round trips we found a stationary solution. This stationary solution consists of one or several pulses, depending on the value of saturation energy E L and small-signal gain g 0 , because these two quantities are related to the amount of pump power used in the experiment.
The relation between the adimensional magnitudes z, t, U, V used above and the real magnitudes Z, T, E x , E y is as follows 13 :
To run simulations of the experimental setup described in Section 2, we used the following values:
Let us add that there is no critical dependence of the numerical results on these numerical values. Taking Z 0 ϭ 1.00 m fixes our time unit to be T 0 ϭ 145 fs. When two pulses appear, the evolution of their relative phase (␣) and separation distance () converges to a fixed value, as shown in Fig. 8 . A separate arrow points toward the stationary solution, which corresponds to a /2 phase-locked state. Figures 9(a) and 9(b) detail the features of this stationary solution. In Fig. 9(a) , both intensity and phase profiles are plotted, clearly showing two identical pulses with a /2 phase difference. The FWHM of each pulse is around 3.0 units, which corresponds to Ϸ435 fs, whereas the distance between pulses is 21 units, which corresponds to 3.0 ps. The optical spectrum of this solution is shown in Fig. 9(b) and is in good agreement with the experimental spectra. The energy per pulse obtained in the simulation is Ϸ70 pJ, which is also similar to experimental values. The simulations presented here clearly demonstrate that soliton-soliton interactions in a dissipative system, such as a fiber laser, are responsible for the formation of stable phase-locked soliton pairs.
CONCLUSIONS
Phase-locked pulses were experimentally observed in a large variety of pulse-bunching configurations. These locked states, which form spontaneously, are stable and can remain for hours without active stabilization of the laser output. In the case of close pulse pairs, we could confirm by numerical simulation the Ϯ/2 phase relationship obtained experimentally between the two pulses. The case of largely separated phase-locked pulses is much more difficult to simulate numerically because of the different time scales involved. We believe that large separations, which are the most common in our experiment, could imply a balance between phase-insensitive forces to fix an approximate separation. Mechanisms such as electrostriction and gain recovery could be involved. However, the existence of phase locking would indicate that the phase-sensitive soliton-soliton interactions described in Section 4 might act efficiently up to, and possibly at more than, 40 pulse widths.
